A new hybrid method for the analysis of diffractive optical elements, which combines fully vectorial and scalar theories, is presented. It is suitable for use with elements of arbitrary large zone, even when the local feature size is of the order of the wavelength. To assess its applicability, we have performed cross-checking tests. The model is shown to accurately predict many optical properties of diffractive optical elements based on twodimensional artificial dielectrics, like the useful energy diffracted into the order of interest or the deterministic loss into high diffraction orders for an illumination with a wavelength different from the design wavelength or for highly oblique incidence.
INTRODUCTION
Many theoretical tools are available for the analysis and the design of diffractive optical elements (DOEs). The most accurate description of diffraction can be achieved with fully vectorial computation methods. Solving Maxwell's equations requires a large amount of computing time, which limits the usefulness of fully vectorial methods with respect to design algorithms based on iterative techniques. Therefore approximations have to be incorporated. One of the most practical approaches makes use of Kirchhoff 's approximation [1] . Within this approach, one assumes that the DOEs can be treated as infinitely thin diffraction screens that modulate the transverse scalar amplitude distribution of the incident wave field. Absorbing elements are then described as amplitude modulations of the incident wave field, refractive index distributions are described as phase-only modulations, and the phase delay is obtained by classical ray-tracing methods. For many applications, such as échelette-type elements or binary elements with local periodicities much larger than the wavelength of the incident wave, this approach and further extensions to incorporate finite-thickness effects [1, 2] or other refinements [3, 4] provide sufficient accuracy.
One of the greatest problems in the analysis of DOEs arises when one combines large Fresnel zones and small structural features. However, developments in microlithography and associated technologies enable the manufacture of large-area DOEs that are locally composed of tiny subwavelength features, providing interesting potentialities. On one side, one finds DOEs that are locally optimized through fully vector theory treatments. This approach has been proved fruitful [5, 6] for applications relying on plane wave illuminations at a single wavelength and at a given incidence angle. On the other side, one finds a variety of components with operations that rely on the analogy between subwavelength binary features and artificial media. Within this approach, new properties or performances that cannot be achieved with conventional échelette DOEs become accessible to the optical designer. For instance, highly efficient blazing occurs in a broadband spectrum [7, 8] or in a broad range of incidence angles, even for DOEs with zone widths of only a few wavelengths [9] . The efficiency of the scalar-domain limit may be broken [10] [11] [12] . Recent examples of components relying on the artificial-medium analogy can be found in [13] [14] [15] [16] .
The fabrication constraints require a characteristic size comparable with the incident wavelength for the current smallest features. Since homogenization theories do not strictly apply, the design and analysis must combine scalar and vector theories. The purpose of the present work is to derive a simple tool that permits the analysis of DOEs made of large Fresnel zones, each composed of thin subwavelength structural details. We show that these elements can be fully analyzed by simple local vector theory calculations and that many important effects can be quantitatively predicted, like the impact of oblique illumination, the distribution of the light scattered into the spurious diffracted orders, and the effect of the illumination wavelength, especially when it differs from the nominal one. In Section 2, the hybrid model so-called unwrappedphase-extension method (UPEM) is presented. It relies on the unwrapped phase functions associated with the DOE, contrary to previous works based on a spatial sampling [17] . The phase expansion allows for an intuitive interpretation of the intricate pattern generated by the superposition of all diffracted orders. Actually, within this representation, the transmittance is shown as a coherent superposition of scalar waves, the different orders of the DOE, with weighted amplitudes that are proportional to the square root of the diffraction efficiencies and that are calculated with fully vectorial tools. Section 3 describes numerical aspects relative to the calculation of the efficiency into all diffracted orders, and especially high orders. In Section 4, we apply the model to several DOEs that have been recently proposed in the literature. The performance of the model is illustrated by fully characterizing the optical properties of the scattered waves. Section 5 summarizes the contribution.
HYBRID MODEL
In the design of modern optical systems, DOEs are incorporated to correct both chromatic and field aberrations. At the initial stage of the design, DOE profiles are calculated so as to implement a target unwrapped phase function ͑x , y͒, where x and y are the coordinates of a point in the planar Cartesian system associated with the diffractive element. The phase ͑x , y͒ will play a key role in the following analysis. It may be arbitrary. For instance, ͑x , y͒ may exhibit an intricate dependence on the space variables, as is the case for kinoforms [18] . For hybrid lens doublets defined for chromatic-aberration correction, ͑x , y͒ includes the spherical phase of a slow lens with a focal length much larger than that of the doublet and eventual phase corrections for other geometric aberrations.
The model relies on two assumptions. First, it assumes that the unwrapped phase function is slowly varying at the wavelength scale. This implies that the model cannot take into account shadowing effects [19] that prevent the realization of 100% efficiencies. But for components with a characteristic size larger than Ϸ10, the model predictions remain accurate. The second assumption concerns the design of the DOE. We assume that, wherever the unwrapped phase function is equal to a given value modulo 2, the DOE locally presents the same geometry, denoted g hereafter. In other words, we assume that it is possible to define a 2-periodic calibration function F so that
as illustrated in Fig. 1(a) . The choice of the local geometry g, or equivalently of the function F, is the art of the design and encompasses many different situations. In classical designs relying on continuous échelette-type profiles or staircase multilevel binary profiles, the local geometry consists of a thin layer with a given thickness. However, it can be also more complex patterns either in metallic or dielectric material, like subwavelength grooves [21] , ridges [22, 23] , holes [24] , micropillars [10] , or pie slices [15] , as illustrated in Figs. 1(b) and 1(c). Although it precludes the analysis of fast lenses, the first hypothesis is not very restrictive. For instance, slow lenses or hybrid lenses used for aberration correction can be analysed. The second hypothesis does not represent a restriction. It is classical, in fact, since all DOEs fabricated so far rely on a periodic calibration function to our knowledge. For the sake of simplicity, we only consider the DOE response in transmission, the response in reflection being obtained in a similar way. As any incident wave field can be expanded as a superposition of plane waves, it is sufficient to study the optical response of the DOE for a single plane wave. The angles and ␦ are arbitrary (Fig.   2 ). We denote by W i a 6ϫ 1 vector formed by the electric and magnetic field vectors of the incident plane wave, and by k i its wave vector. Because the unwrapped phase function is assumed to vary slowly at the wavelength scale, the wave field transmitted through the DOE is weakly modulated in amplitude and in phase. It is a quasi plane wave W t , whose wave vector k t is related to k i by Snell's law.
The incident electromagnetic field can be written as a superposition of two linearly polarized plane waves W i = ␣W TE,i + ␤W TM,i , where ␣ and ␤ are two given complex coefficients. W TE,i is a TE-polarized (electric field vector perpendicular to the plane of incidence) plane wave with a unitary Poynting vector z component. Similarly, W TM,i denotes the corresponding TM-polarized (electric field vector parallel to the plane of incidence) plane wave. The transmitted wave field W t can also be written as a superposition of two linearly-polarized plane waves, W t = W TE,t + W TM,t , where and are two given complex [20] , blazed-binary element, and blazed area-coded effective-medium structure [15] . (c) Corresponding local geometries g. Scattering of a DOE with a slowly varying unwrapped phase function. The DOE is illuminated by an unpolarized plane wave incident from medium 1 at arbitrary azimuthal ͑␦͒ and incidence ͑͒ angles. The transmitted wave field is weakly divergent and is contained in a small solid angle ⍀ centered around the wave vector k t of the weakly modulated plane wave propagating in medium 2. Similarly, the reflected wave field is contained in a small solid angle ⍀Ј centred around the wave vector k r . coefficients and W TE,t ͑W TM,t ͒ represents a TE (TM) plane wave with a unitary Poynting vector z component. Because Maxwell's equations are linear, the expansion coefficients ͑␣ , ␤͒ and ͑ , ͒ on both sides of the DOE are linked by a Jones-type matrix:
͑2͒
The matrix T͑x , y͒ fully characterizes the DOE and defines the local complex transmittance of the DOE at every ͑x , y͒ point of the component. The matrix T͑x , y͒ provides a spatial representation that can be directly used to analyze the light scattered by the DOE, as it is the case for the so-called field-stitching approach [18] , for instance. In contrast to direct sampling approaches in real space, which suffer [18] from the lack of a sound definition for the size of the local area to be considered for calculating the local T͑x , y͒ matrices, we examine the scattering process in the phase space. This allows arbitrary 2D phase functions to be handled easily. Introducing the unwrapped phase function, Eq. (2) can be rewritten as
where T͑͒ is now the transmittance Jones' matrix associated with the geometry g =F͑͒. In general, the set of matrices T͑͒ depends on the wavelength of the incident plane wave and on the angles and ␦, but we omit making these dependences explicit for the sake of notational simplicity. First, according to the first hypothesis, the geometry can be locally seen as a periodic structure, see Fig. 1 (c), and the T͑͒ matrix can be computed with a grating solver. More details will be provided in Section 3.
Then, as the DOE design uses the same local geometry wherever the unwrapped phase function is equal to a given value modulo 2, the T͑͒ matrix is also 2 periodic. Thus it can be expanded into a Fourier series
According to Eq. (4), the transmitted wave field is seen as a superposition of elementary wave fields, the exp͑jm͒, weighted by the C m matrix coefficients. Each wave field represents a spurious diffraction order [25] that is fully specified by the known unwrapped phase function ͑x , y͒. Considering, for instance, periodic DOEs, like Damman gratings [26] , the elementary wave fields consist of plane waves. For hybrid refractive-diffractive lenses designed for chromatic-aberration compensation, the wave fields are out-of-focus spherical waves.
The C m matrix coefficients, which take into account all polarization effects, are related to the diffraction efficiencies of the different orders. Because of our specific choice for the energy normalization of the linearly polarized plane waves W TE,i , W TM,i , the diffraction efficiencies, m TE and m TM , into the mth diffracted order, are simply given by
for an incident plane wave with TE and TM polarizations, respectively. For unpolarized light, the efficiency m into the mth diffracted order is m =1/2͑ m TE + m TM ͒. These efficiencies are absolute efficiencies that include intrinsic Fresnel reflection losses at the DOE interface.
In practice, it might be useful to know relative efficiencies (normalized to the total energy diffracted in all transmitted orders) to finely predict the impact of these losses. To avoid fastidious calculations of the efficiencies into all diffracted orders, we use the Parseval relation, and the total energy diffracted in all transmitted orders is expressed as
for a TE-polarized incident wave. A similar expression is straightforwardly obtained for TM polarization. Equation In general, DOEs are designed to be blazed into a specific order (often the first one), at a given wavelength and at a given angle of incidence. In principle, 100% of the incident energy should be diffracted into this order, and 1 is equal to 1. When the DOEs are illuminated at another wavelength or at another incidence, the first-order efficiency drops ͑ 1 1͒. The efficiencies m ͑m 1͒ into the other diffraction orders then carry some energy. This inevitable and deterministic loss contributes to the formation of background noise in the image plane, which degrades the image quality and affects the DOE optical transfer function [27] . We believe that the Fourier series expansion of Eq. (4) is an intuitive and meaningful representation of the background noise, especially when only the few highest-efficiency orders are considered. This quantitative approach cannot be obtained by other models relying on space expansions, as in Eq. (2).
COMPUTATION OF THE DIFFRACTION EFFICIENCIES
In this section we describe several aspects relative to the technical implementation of the model. For the sake of illustration, a test structure is examined. We consider a relatively intricate geometry, a blazed-binary DOE composed by the association of subwavelength holes and pillars, each defined on a sampling period ⌳ s ; see Fig. 3(a) . In this design, the hole diameters and pillar sizes are chosen to implement a monotonic variation of the phase delay between 0 and 2. The variation provides a nearly 100% first-order diffraction efficiency at the nominal wavelength 0 . More details concerning the design and the beneficial impact of combining two different subwavelength geometries for achieving broadband blazing can be found in [8] .
The optical properties of the DOE are fully characterized by the Fourier series expansion of Eq. (4). This expansion requires the calculation of single variableintegrals of the form
For the numerical calculation of the c i,j m coefficients in Eq. (9), we use a two-step procedure.
The first step consists in computing the local complex transmittance coefficients t i,j ͑͒ for all in the interval [0; 2]. This calculation is performed with fully vector theory software [28] relying on the rigorous coupled-wave analysis [29] and on its further improved versions [30] [31] [32] . It consists mainly in computing the transmitted zero-order amplitude coefficients of a 2D grating composed of artificial dielectric materials with a periodicity of the order of the wavelength. This vector theory step does not raise any difficulty, and we estimate that it could be performed with sufficient accuracy. Figure 3(b) shows the imaginary and real parts of t͑͒ = t 11 ͑͒ = t 22 ͑͒ for a normally incident illumination at = 0.62 0 . For this wavelength that strongly differs from the nominal one and that is close to the separation distance ⌳ s , the component is no longer blazed, and the t i,j 's are discontinuous at the transition ͑ = 0.25͒ between the pillar and hole zones.
Once the functions t i,j ͑͒ are known for all , the second step of the analysis consists in computing the integral in Eq. (9) . Numerical problems are anticipated for large m values because of the presence of a rapidly oscillating exponential term in the integral. To fully overcome these problems, we perform the integration analytically. 
where
The discrete summation in Eq. (10) is straightforwardly calculated. In Fig. 4 , we illustrate the accuracy of the approach for the DOE of Fig. 3 and for a normal incidence plane wave illuminating the element from the substrate at = 0.62 0 . We first calculate the diffraction efficiencies We have also performed many other direct tests of the model showing its effectiveness and accuracy. For instance, we have considered échelette-type DOEs, for which closed-form expressions are available for the diffraction efficiencies into arbitrary orders under normal incidence [25] . The agreement between the model predictions and the closed-form expressions was excellent in all studied cases: the difference did not exceed 10 −6 for five wavelengths chosen in the interval 0.5 0 ϽϽ2 0 and for the 500 first reflected and transmitted orders. Additionally, we have performed tests for 1D blazed-binary gratings illuminated at 0 under TM and TE polarizations, for which the 20 first-order diffraction efficiencies of gratings with periods as large as 50 can be accurately calculated with the rigorous coupled-wave analysis. Again quantitative agreement between the model predictions and the rigorous coupled-wave analysis computational data has been achieved; the deviation ͑Ͻ0.005͒ is comparable with the estimated uncertainty of the vector theory data.
All these tests show that the model is able to provide highly accurate data for the reflected and transmitted diffraction efficiencies, even into high-order background wave fields.
APPLICATIONS
In this Section, we apply the UPEM to the analysis of several types of DOE composed of subwavelength patterns in a dielectric material. Provided that the subwavelength patterns are small enough compared with the wavelength of the incident light, they are not resolved by the light (in the sense of the far-field diffraction). Thus the heterogeneous structure behaves as an artificial material with an effective refractive index. By controlling the local fraction of etched material, it is possible to implement a gradual variation of the effective index, and in turn to design DOEs with an efficient blazing. Because the electromagnetic response of the subwavelength patterns strongly depends on the incident wavelength (the artificial dielectric is dispersive) and on the incidence angle, the analysis cannot be performed with scalar theories only, and hybrid models like the present one are required.
A. Optical Performance Analysis of Blazed-Binary Diffractive Optical Elements
In this subsection, we show that the UPEM may be used for fully analyzing the optical properties of blazed-binary DOEs, including the prediction of the background-order efficiencies at oblique incidence. For the sake of illustration, we consider the DOE previously considered in Fig. 3 . We emphasize that the optical properties of this type of DOE cannot be analyzed with fully vectorial theories, for zone widths larger than a few wavelengths. This is especially stringent for the general case of oblique incidence, for which no symmetry can be used to lower the computational loads. With the UPEM, since it has to be performed only for elementary subwavelength geometries, the 3D fully vectorial treatment can be achieved at low computational loads. Figure 5 summarizes the main optical properties of the blazed-binary DOE composed of subwavelength holes and pillars. All curves are normalized to the total energy diffracted into all transmitted orders, and all results hold for an illumination incident from the substrate. Details concerning the geometrical parameters (hole diameters, pillar size…) and the design at the blaze wavelength can be found in the caption of Fig. 3 .
The wavelength dependence of the first-order efficiency 1 as a function of the normalized wavelength / 0 is shown in Fig. 5(a) . For the calculation, we have assumed a normal incidence and a nondispersive material ͑n = 2.1͒, but the material properties can be easily incorporated into the model, since all computations are performed in the spectral domain. A remarkable blazing effect over more than one octave ͑ 1 Ͼ 0.95͒ is predicted. For the sake of comparison, we also show the first-order diffraction efficiency (dashed curve) of an échelette-type DOE in Si 3 N 4 designed for blazing operation into its first order at 0 . For these types of element, closed-form expressions are available for the efficiencies m into all orders in the limit of infinitely large échelettes and for normal incidence, and m is given by [26] 
where sinc͑x͒ = sin͑x͒ / ͑x͒. Figure 5(b) shows the first-order diffraction efficiency as a function of the incidence angle inc (in the Si 3 N 4 substrate) for = 0 . Note that inc = 28.4°corresponds to 90°i n air. For both polarizations, a large plateau ͑−10°Ͻ Ͻ 10°͒ with nearly 100% blazing is obtained. It is slightly larger than the plateau predicted for échelette-type DOEs with the model. We notice that 1 weakly depends on the polarization of the incident light, the deviation being smaller than 0.02 for ͉͉ Ͻ 13°. We have also performed similar computations for oblique incidence with a 45°azi-muthal angle. Almost identical results were obtained, the difference being smaller than 0.02 for ͉͉ Ͻ 15°. As expected, the use of centrosymmetric subwavelength patterns (circular holes and square pillars) guarantees that the DOE response is weakly sensitive to the polarization state.
In Figs for normal incidence at = 0.584 0 , and Fig. 5(d) for = 18°(18°in the medium corresponding to 40°in air) at = 0 . For the sake of comparison, we have also plotted the efficiencies for échelette DOEs with the dashed curve. These efficiencies are obtained with Eq. (12) for the results shown in Fig. 5 (c) and with the model for the results shown in Fig. 5(d) . It is obvious that the first-order efficiency of the blazed-binary DOE is much larger than the background-order efficiencies, which scale as ͑1/N͒ 2 for large N. Even for wavelengths largely different from the nominal one and even for large incidence angles, the firstorder efficiency remains almost 2 orders of magnitude larger than that of the highest background-order efficiency (usually the zero or second order).
Overall, Fig. 5 shows the remarkable performance of the blazed-binary DOEs with subwavelength pillars and holes, in comparison with that achieved with a classical échelette profile. Such results clearly illustrate the UP-EM's capacity to quantitatively give access to many important properties of blazed-binary DOEs with unwrapped phase functions that are slowly varying at the wavelength scale. We are currently pursuing the fabrication of such elements for thermal-imaging applications.
B. Optical Analysis of One-Dimensional Blazed-Binary and Area-Coded Effective Medium Diffractive Optical Elements
As shown in the previous example, the optical properties of DOEs, with unwrapped phase functions slowly varying at the wavelength scale, are intrinsically governed by the subwavelength patterns used for encoding the artificial dielectric. As we illustrate now, the UPEM can also provide an intuitive insight into those properties without resorting to extensive computation.
For that purpose, we consider the blazed area-coded effective-medium gratings shown in Fig. 1(b) (bottom) . These gratings are composed of a periodic association of pie slices with a subwavelength transverse periodicity and have been recently fabricated with an electron-beam lithography tool in quartz for operation at 633 nm [16] . The reported experimental efficiencies ͑Ϸ70% ͒ have been found to be in very good agreement with theoretical predictions. Using the UPEM, we aim at showing that, although they are apparently fully different, blazed areacoded effective-medium DOEs and 1D blazed-binary DOEs provide identical performances.
For that purpose, in Fig. 6(a) , we show a top view of an area-coded grating with a period L along the x direction and with a subwavelength periodicity ⌳ s along the transverse y direction. In Fig. 6(b) , we consider a 1D blazedbinary grating with the same period L and with a sampling period, defined as the separation distance between the subwavelength ridges, equal to the transverse periodicity ⌳ s of the area-coded element. Figures 6(c) and 6(d) show the associated local geometries. For both cases, the geometries are identical subwavelength lamellar gratings, which are rotated by / 2 from each other. Thus, provided that the blazed-binary and the area-coded gratings are fabricated in the same material using the same calibration function g =F͑͒, the associated local geometries of both gratings are strictly identical. In the limit of infinitely large periods, within the model framework based on the exploitation of the local transmittance, this implies that the optical properties of both gratings are strictly identical provided that the plane of incidence, defined by the azimuthal angle ␦ in Figs. 6(c) and 6(d), is rotated by / 2. More specifically, the diffraction efficiencies in all orders, including the first order and the background orders as well, are the same for any polarization and for any angle of incidence. As illustrated in Fig. 6 (e), this additionally implies that different area-coded gratings that apparently possess different geometries with an identical local fraction of dielectric material have identical optical responses.
Clearly these conclusions only hold in the limit of large periods, i.e., in the limit of slowly varying unwrapped phase functions. In the resonance domain and for periods that are not much larger than the wavelength of the incident illumination, the optical responses of all these gratings may largely differ from one to another. However, from the vector theory calculations reported in [15, 34] for area-coded and blazed-binary gratings, similar optical responses with only few percent differences into the first diffracted order may be anticipated for zone widths as small as 10. It is therefore anticipated that even in the resonance domain, area-coded gratings, like blazedbinary gratings with subwavelength ridges, may suffer from form-birefringence effects that prevent the realization of efficient blazes for unpolarized applications [11, 22] . This does not represent a limitation for blazedbinary DOEs composed of subwavelength centrosymmetric elements like pillars or holes [24, 35] . 
CONCLUSIONS
We have presented a hybrid scalar-vector method for the analysis of DOEs with slowly varying phase functions. The model fully relies on the target unwrapped phase function that the optical designer needs to encode for correcting the aberrations of the optical system. The far-field DOE response is then represented as a coherent superposition of different elementary wave fields, each wave field corresponding to a diffraction order that is fully represented by the known unwrapped phase function. This superposition provides an intuitive and meaningful representation of the background noise, especially when only the few highest-efficiency background orders are considered. The method can be applied to various DOEs composed of different features, such as classical échelettes, or more complex patterns formed with subwavelength holes, grooves, or pie slices. For all of these cases, we showed that with moderate computational loads, the DOE optical response can be fully evaluated as a function of the incidence angle or of the illumination wavelength. Such analysis leads to the prediction of the energy diffracted into the targeted order and of the deterministic loss into all background diffraction orders. We believe that this new tool will be helpful for larger integration of DOEs in tomorrow's optical systems, as it provides accurate performance predictions that may be used for efficient design and optimization of a large variety of DOE structures.
